Conformal Prediction with Missing Values

Margaux Zaffran

54émes Journées de Statistiques, Bruxelles, 2023
Session MALIA

ebF , .

~ PO UE
‘ ‘ W W% 1P PARIS



Julie Josse

Aymeric Dieuleveut

Polytechnique

Paris - France Montpellier - France

Yaniv Romano

Technion - Israel Institute
of Technology

Haifa - Israel



What about splitting the data?



What about splitting the data?

Standard Split Conformal Prediction for Mean-Regression



Split Conformal Prediction (SCP)!2:3;
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'Vovk et al. (2005), Algorithmic Learning in a Random World

2F’apadopoulos et al. (2002), Inductive Confidence Machines for Regression, ECML
3Lei et al. (2018), Distribution-Free Predictive Inference for Regression, JRSS B
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Split Conformal Prediction (SCP)*2:3: training step

» Learn (or get) /i

'Vovk et al. (2005), Algorithmic Learning in a Random World
2F’apadopoulos et al. (2002), Inductive Confidence Machines for Regression, ECML
3Lei et al. (2018), Distribution-Free Predictive Inference for Regression, JRSS B
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Split Conformal Prediction (SCP)*2:3: calibration step

» Predict with /i

» Get the |residuals|, a.k.a. scores

{s )}kGCal
T | » Compute the (1 — a) empirical

quantile of
S = {|residuals|} -, U {+00},
noted g1, (S)

'Vovk et al. (2005), Algorithmic Learning in a Random World
2F’apadopoulos et al. (2002), Inductive Confidence Machines for Regression, ECML

3Lei et al. (2018), Distribution-Free Predictive Inference for Regression, JRSS B
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Split Conformal Prediction (SCP)!'23: prediction step

2<
>~ 0] » Predict with /i
) > Build Co(x): [[i(x) £ ]
0 3 1

'Vovk et al. (2005), Algorithmic Learning in a Random World
2F’apadopoulos et al. (2002), Inductive Confidence Machines for Regression, ECML
3Lei et al. (2018), Distribution-Free Predictive Inference for Regression, JRSS B
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SCP theoretical foundation
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SCP theoretical foundation

Definition (Exchangeability)

(X(k), Y(k))zzl are if for any permutation o of [[1, n] we have:

L((X®, Y@y . (x(0) ym))
= L ((X(a(l))7 Y(U(l))) N (X(U(n)) Y(g(n)))) 7

where £ designates the joint distribution.
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SCP theoretical foundation

Definition (Exchangeability)

(XK, Y(k))zzl are if for any permutation o of [[1, n] we have:

L((X®, Y@y . (x(0) ym))
= L ((X(a(l)); Y(U(l))) N (X(cr(n))7 Y(g(n))))

)

where £ designates the joint distribution.

e i.i.d. samples

e The components of A/ ; 2 i
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SCP: theoretical guarantees

SCP enjoys finite sample guarantees proved in Vovk et al. (2005); Lei et al. (2018).

Suppose (X, Y(k))zz are . SCP applied on

(xR, YW " outputs C, (-) such that:
P{y e ¢, (x"D)} >1-a.
Additionally, if the scores {S(k)}k€Cal are a.s. distinct:

IP{Y(”“) € C, (X("H))} <l-a-+ #Ca11+1
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SCP enjoys finite sample guarantees proved in Vovk et al. (2005); Lei et al. (2018).

Suppose (X, Y(k))zz are . SCP applied on

(xR, YW " outputs C, (-) such that:
P{y e ¢, (x"D)} >1-a.
Additionally, if the scores {S(k)}k€Cal are a.s. distinct:

IP{Y(”“) € C, (X("H))} <l-a-+ #Ca11+1

Marginal coverage: IP {Y(”+1) € 6a (X("+1)) } >1—«
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Standard mean-regression SCP is not adaptive

> » Predict with
» Build Cu(x): [/1(x) ]
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What about splitting the data?

Conformalized Quantile Regression



Conformalized Quantile Regression (CQR)*

o Train Cal o Test
.  ° °, . -’ °% o °.
MY . .
—2- . . .. .
_4- . . .
0 1 2 3 4 5

*Romano et al. (2019), Conformalized Quantile Regression, NeurlPS
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Conformalized Quantile Regression (CQR)*: training step

2<
04 .
S » Learn (or get) QR|oer and
_9] O prer
74~
0 2 4
X

*Romano et al. (2019), Conformalized Quantile Regression, NeurlPS
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Conformalized Quantile Regression (CQR)*: calibration step

\
21 +‘ﬂj!j/”“i"i“‘i‘lt\ > Pﬂredict with @‘Ower and
0 QRupper
P » Get the scores
N § = {509}y U {00}
4 N » Compute the (1 — «) empirical
- ; " quantile of &, noted g1, ()

o S0 .= max{@élower (X(k)) — YWy _ QR er (X(k))}

*Romano et al. (2019), Conformalized Quantile Regression, NeurlPS
5/28



Conformalized Quantile Regression (CQR)*: prediction step

2<
0‘ ——
g » Predict with QR and
] QRupper
_4<
0 2 7
X
» Build
C@(X) = [QRlower(X) - = QRLlpper(X) —+ ]

*Romano et al. (2019), Conformalized Quantile Regression, NeurlPS
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CQR: theoretical guarantees

CQR is a particular case of SCP.
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Predictive uncertainty quantification with missing values



Predictive uncertainty quantification with missing values

Learning with Missing Data



Missing values are ubiquitous and challenging

Data: (X,  y())7 |

Y | X X X

2242 | 055 0.67 0.03
8.26 | 0.72 0.18 0.55
19.41 | 0.60 0.58 NA
19.75 | 0.54 0.43 0.96
7.32 NA 0.19 NA
1355 | 0.65 0.69 0.50
20.75 NA NA 0.61
9.26 | 0.89 NA  0.84
9.68 | 0.963 0.45 0.65
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Missing values are ubiquitous and challenging

Data: (X(K), M) y(k))?
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Mask M =
Y | X X X (My M, Ms)
2242 | 055 0.67 0.03 0 0 0
8.26 | 0.72 0.18 055 0 0 0
19.41 | 0.60 058 1A o 0 1
19.75 | 054 0.43 0.96 0 0 0
732 | NA 019 NA 1 0 1
1355 | 0.65 0.69 0.50 0 0 0
2075 | NA  NA 061 1 10
9.26 | 089 nA 0.84 0 1 0
9.68 | 0.963 0.45 0.65 0 0 0
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Missing values are ubiquitous and challenging

Data: (X(K), M) y(k))?

k=1
Mask M =
Y | X X X (My M, Ms)
2242 | 055 0.67 0.03 0 0 0
8.26 | 0.72 0.18 055 0 0 0
19.41 | 0.60 058 1A o 0 1
19.75 | 054 0.43 0.96 0 0 0
732 | NA 019 NA 1 0 1
1355 | 0.65 0.69 0.50 0 0 0
2075 | NA  NA 061 1 10
9.26 | 089 nA 0.84 0 1 0
9.68 | 0.963 0.45 0.65 0 0 0

< 29 potential masks.
< M can depend on X or Y.

= Statistical and computational challenges. e



Supervised learning with missing values: impute-then-regress

Impute-then-regress procedures are widely used.
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Supervised learning with missing values: impute-then-regress

Impute-then-regress procedures are widely used.

1. Replace NA using an imputation function (e.g. the mean), noted ¢.

@] 1 |-0] 6 | o0 w1 J-10] 6 ) o
2@ 4 Jua | 2| 2 é u@| 4 |as| 2| 2
@ s | 1| 2 |wa S s ]2 |
@) o fwa fwa | 1 u@ 0 |45 3 [ 1
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Supervised learning with missing values: impute-then-regress

Impute-then-regress procedures are widely used.

1. Replace NA using an imputation function (e.g. the mean), noted ¢.

@] 1 |-0] 6 | o0 w1 0] 6 | o
2@ 4 Jua| 2] 2 b u®@| 4 45| 2| 2
@ s | 1| 2 |wa S s ]2 |
@) o fwa fwa | 1 u@ 0 |45 3 [ 1

2. Train your algorithm (Random Forest, Neural Nets, etc.) on the imputed

n

data: § (X4 ), MO, Y0

U(K) =imputed X(k k=1
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Supervised learning with missing values: impute-then-regress

Impute-then-regress procedures are widely used.

1. Replace NA using an imputation function (e.g. the mean), noted ¢.

@] 1 |-0] 6 | o0 w1 0] 6 | o
2@ 4 Jua| 2] 2 b u®@| 4 45| 2| 2
@ s | 1| 2 |wa W s ]2 ]
@) o fwa {wa |1 u@ 0 |45 3 [ 1

2. Train your algorithm (Random Forest, Neural Nets, etc.) on the imputed

n

data: ()(X(SSS)(M(k))7 M(k))7 y (k)

U(K) =imputed X(k k=1

— we consider an impute-then-regress pipeline in this work.
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Predictive uncertainty quantification with missing values

Goal: predict Y("*1) with confidence 1 — «, i.e. build the smallest C, such that:
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Predictive uncertainty quantification with missing values

Goal: predict Y("t1) with confidence 1 — q, i.e. build the smallest C, such that:

1. Marginal Validity (MV) |

J

P {Y("+1) €Ca (X("H), M("H))} >1-a. (MV)

For example: « = 0.1 and obtain a 90% coverage interval.
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Predictive uncertainty quantification with missing values

Goal: predict Y("t1) with confidence 1 — q, i.e. build the smallest C, such that:

| 1. Marginal Validity (MV) |
P {Y("+1) €Ca (X("H), M("H))} >1-a. (MV)
| 2. Mask-Conditional-Validity (MCV) |
Vme {0,1}9 : P {y("+1> e Cy (x("+1), m) (M) = m} >1—a. (MCV)

OH... But THE SOPTWARE

Hi Docror, Hewre Are THe REULTS
OF MY MEDICAL EXAMS . HAD AN WCOMPLETE
MEDICAL FORM...
GreeAT | TS TRREATMENT T
Y [HE PRROBABILITY MIGHT BE
HAS A 909, PrOBARILTY OF g (e

CUTINGHOU

Illustrations @theoremlinger
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Predictive uncertainty quantification with missing values

Goal: predict Y("t1) with confidence 1 — q, i.e. build the smallest C, such that:

| 1. Marginal Validity (MV) |

P {Y("+1) €Ca (X("H), M("H))} >1-a. (MV)

| 2. Mask-Conditional-Validity (MCV) |

Vme {0,1}9 : P {y("+1> e Cy (x("+1), m) (M) = m} >1—a. (MCV)

\. J

3 considered approaches to reach these goals.

‘ Quantile Regression (QR) ‘ ‘

(MV) ?
(MCV) ?
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Quantile Regression (QR) intervals

Quantile Regression (no guarantee)

@ 1.0
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e Marginal validity (eq. (MV), i.e. on average) is not reached!

[oR| |

(MV) | x
(MCV)
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Quantile Regression (QR) intervals

Quantile Regression (no guarantee)
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Quantile Regression (QR) intervals

Quantile Regression (no guarantee)
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Quantile Regression (QR) intervals

Quantile Regression (no guarantee)

1.0
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Quantile Regression (QR) intervals

Quantile Regression (no guarantee)

1.0

e

Average coverage
=
D
| <o
<
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Quantile Regression (QR) intervals

Quantile Regression (no guarantee)

Average coverage
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Quantile Regression (QR) intervals

Quantile Regression (no guarantee)
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Quantile Regression (QR) intervals

Quantile Regression (no guarantee)
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Quantile Regression (QR) intervals

Quantile Regression (no guarantee)

B

e The predictive uncertainty strongly depends on the mask

@R[ |
(MV) | x
(MCV) | x
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Quantile Regression (QR) intervals

Quantile Regression (no guarantee)

@ 1.0
<
B
3 0.8;
b
I
<
< 0.6
> D ' _
& & %§%~ %%&é? é%&%- %%\Q% é%&% & QO
@,‘DS & &\'\&\ @\&” &*\&\
%
R DA Ol A O

5 5 > b
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e The predictive uncertainty strongly depends on the mask

< missing values induce heteroskedasticity
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Quantile Regression (QR) intervals

Quantile Regression (no guarantee)

@ 1.0

<

T QO I o

S 08

&

@

g

< 0.6
NN S & &
& i s %§%~ @Qé? é%&%- %%\Q% é%&% & &

F YT TS

N . . .
$ @\ dﬁ» @\
e The predictive uncertainty strongly depends on the mask

< missing values induce heteroskedasticity

< supported by theory on the Gaussian Linear Model
10/28



Missing values induce heteroskedasticity

Theoretical study of the Gaussian linear model (Y = 87X + ¢) generalizes
— oracle intervals: smallest predictive interval when the distribution of Y|(X, M)

is known
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Missing values induce heteroskedasticity

Theoretical study of the Gaussian linear model (Y = 87X + ¢) generalizes

— oracle intervals: smallest predictive interval when the distribution of Y|(X, M)
is known

Proposition (Oracle intervals under the Gaussian lin. mod.)

. N (0,1 ) m 2
L (ITI) =2X a (a/2) \/ V)IZia(m)Z i Pmis(m) + O-g'

mis|obs

e Even with an homoskedastic noise, missingness generates heteroskedasticity
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Missing values induce heteroskedasticity

Theoretical study of the Gaussian linear model (Y = 87X + ¢) generalizes

— oracle intervals: smallest predictive interval when the distribution of Y|(X, M)
is known

Proposition (Oracle intervals under the Gaussian lin. mod.)

* N(0, 1) 2T
Ea(m) =2x q a/2 \/ fmiﬁ(m)ernsbbs Jmis(m) + U

e Even with an homoskedastic noise, missingness generates heteroskedasticity

e The uncertainty increases when missing values are associated with

larger regression coefficients (i.e. the most predictive variables)

11/28



Predictive uncertainty quantification with missing values

Conformal Prediction with Missing Values



CP is marginally valid (MV) after imputation

Lemma

Assume (X(k), MK, Y("))Z:1 are i.i.d. (or exchangeable).

Then, for any missing mechanism, for almost all imputation function® ¢:

(gf) (Xil;s)(/w(k))’ M(k)> , Y(k)>n are exchangeable.

!Even if the imputation is not accurate, the guarantee will hold.
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CP is marginally valid (MV) after imputation

Lemma

Assume (X(k), MK, Y("))Z:1 are i.i.d. (or exchangeable).

Then, for any missing mechanism, for almost all imputation function® ¢:

(gf) (X(SZS)(M(,()), M(k)> , Y(k)>n are exchangeable.

= CQR, and Conformal Prediction, applied on an imputed data set still enjoys

marginal guarantees:

P{y(D e ¢, (XD, M)} > 1.

!Even if the imputation is not accurate, the guarantee will hold.
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CQR is marginally valid on imputed data sets

CQR (marginal validity)

1.0

T

0.87

Average coverage

0.6 1

'\
&
o

K\

e Marginal (i.e. average) coverage is indeed recovered!

QR | car|
MV) | x| v
(MCV) | x
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CQR is marginally valid on imputed data sets

CQR (marginal validity)
1.01
Clefebgptt

0.8 ‘

Average coverage

e Disparities between masks is not corrected by the conformalization step.

QR | car|
Mv) | x | v
(MCv) | x| x
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Conformalization step is independent of the important variable: the mask!

Observation: the a-correction term is computed = !

among all the data points, regardless of their mask! 2
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Conformalization step is independent of the important variable: the mask!

Observation: the a-correction term is computed = !
among all the data points, regardless of their mask! 2

—4

Warning: 29 possible masks

= Splitting the calibration set by mask is infeasible (lack of data)!

Initial calibration set

Test point
2] 1 |0 6 |1 -
3 0 1 :l
2@ 4 |ua | 2] 2
L
z®| 5 1 1 NA Calibration set used
z®| o [wa [wa | 1 L -10 ‘ —l

Test point

3‘NA NA| 1

Calibration set used

r NA\NA
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Predictive uncertainty quantification with missing values

Missing Data Augmentation



Missing Data Augmentation (MDA)

Idea: for each test point, modify the calibration points to mimic the test mask

Test point

3 | NA| NA 1’

Calibration set used

Initial calibration set 5 | NA | NA 1
2O 21 [-0] 6 | 1 ) 4 |na|ma| 2
z@| 4 [wa| 2| 2 3| 5 |NA|NA | NA
2@ s | 1|1 | @[ o |nafna | 1

@ o |wa [wa | 1

Algorithms: MDA with Exact masking or with Nested masking.
15/28



CP-MDA with Exact masking

Test point
3 | NA| NA 1
Initial calibration set Calibration set used
D 1 [-10] 6 |1 00 1 | ya lwa |1
2P| 4 |ua| 2| 2 D 4 |ya |wa | 2
2@ s [ 1 [ 1 |ma 73
2@ o |wa |wa | 1 g9 0 |na |Na | 1

16 /28



CQR-MDA with exact masking in words

0] =—uriid

1. Split the training set into a proper training set -

and calibration set =

2. Train the imputation function on the proper training set
3. Impute the proper training set

4. Train the quantile regressors on the imputed proper

training set » ~_
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and calibration set
2. Train the imputation function on the proper training set
3. Impute the proper training set
4. Train the quantile regressors on the imputed proper

training set

5. For a test point (X("*1) p(n+1)): } 3 ! NA| NA ! 1 (
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CQR-MDA with exact masking in words

1. Split the training set into a proper training set
and calibration set
2. Train the imputation function on the proper training set
3. Impute the proper training set
4. Train the quantile regressors on the imputed proper

training set

5. For a test point (X("*1) p(n+1)): } 3 | NA| NA | 1 (

5.1 For each j € [1,d] s.t. M) =1, set M) =1
for k in Cal s.t. M) c M(nt+1)

5.2 Impute the new calibration set

5.3 Compute the calibration correction, i.e. g1_4(S)

5.4 Impute the test point

5.5 Predict with the quantile regressors and the correction previously obtained,

qi—a(S) 17 /28



MDA achieves Mask-Conditional-Validity (MCV)

Theorem (CP-MDA-Exact achieves MCV)
If the data is exchangeable and M L (X, Y), then for almost all imputation

function CP-MDA-Exact is such that for any m € {0,1}¢:
]P(Ye Ea(x,m)\/\/l:m) >1—a,

and if additionally the scores are almost surely distinct:

_ 1
P(Yeca(x,m)y/wzm> <l-ot foae
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MDA achieves Mask-Conditional-Validity in an informative way

CQR-MDA-Exact
w Oracle length
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Predictive uncertainty quantification with missing values

Experimental Results
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e Imputation by iterative ridge (~ conditional expectation)

21/28



Some settings

e Imputation by iterative ridge (~ conditional expectation)

e Concatenate the mask in the features

21/28



Some settings

e Imputation by iterative ridge (~ conditional expectation)
e Concatenate the mask in the features

e Neural network, fitted to minimize the pinball loss

21/28



Some settings

e Imputation by iterative ridge (~ conditional expectation)
e Concatenate the mask in the features

e Neural network, fitted to minimize the pinball loss

e (Semi)-synthetic experiments:

21/28



Some settings

e Imputation by iterative ridge (~ conditional expectation)
e Concatenate the mask in the features

e Neural network, fitted to minimize the pinball loss

e (Semi)-synthetic experiments:

o MCAR missing values, with probability 20%

21/28



Some settings

e Imputation by iterative ridge (~ conditional expectation)
e Concatenate the mask in the features

e Neural network, fitted to minimize the pinball loss

e (Semi)-synthetic experiments:

o MCAR missing values, with probability 20%
o 100 repetitions
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Synthetic experiments (Gaussian linear model, d = 10)
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Synthetic experiments (Gaussian linear model, d = 10)
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Synthetic experiments (Gaussian linear model, d = 10)
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Synthetic experiments (Gaussian linear model, d = 10)
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Before more experiments, visualisation
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Semi-synthetic experiments
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Semi-synthetic experiments

bio (d=09,1=9)

17 1 A
PoA
v
’ ® QR
£ 16 § ® CQR
= ® CQR-MDA-Exact
©
2 A
% 15 . 4 Marginal
< ¥ Lowest
v A Highest
144 v
0.7 0.8 0.9

Average coverage

24 /28



Semi-synthetic experiments
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Semi-synthetic experiments
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TraumaBase®: decision support for trauma patients

30 hospitals

More than 30 000 trauma patients
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TraumaBase®: decision support for trauma patients

30 hospitals

More than 30 000 trauma patients

4 000 new patients per year

250 continuous and categorical variables
— Many useful statistical tasks

Predict the level of platelets upon arrival at hospital, given 7 covariates chosen by
medical doctors.

These covariates are not always observed: from 0% to 24% of missing values by

features, with a total average of 7%.
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Real data experiment: TraumaBase®, critical care medicine
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Predictive uncertainty quantification with missing values

Conclusions



Extensions

e Consistency of universal quantile learner when chained with almost any
imputation function.

o CP-MDA-Nested, an algorithm which does not discard any calibration point.

Paper —
Poster —

Code —
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https://mzaffran.github.io/uq-na/

Take-home-messages

e CP marginal guarantees hold on the imputed data set.
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Take-home-messages

e CP marginal guarantees hold on the imputed data set.

e Missingness introduces additional heteroskedasticity, creating a need for
quantile regression based methods.

e CQR fails to attain coverage conditional on the missing pattern.

e Missing data augmentation is the first method to output predictive
intervals with missing values.

e Missing data augmentation attains conditional coverage with respect to the
missing pattern (in MCAR setting).
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Thanks for listening! Any question? :)
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